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Abstract
In this paper, we study the Hom version of the Grothendieck Con-
jecture for hyperbolic polycurves of dimension 2. We group theoret-
ically characterize dominant morphisms from regular varieties to hy-
perbolic polycurves of dimension 2 in some sense. Also, we show that
any open group homomorphism between their fundamental groups is
induced by a morphism of varieties if the Grothendieck Section Con-
jecture holds.
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1
0 Introduction
Let K be a field, K a separable closure of K, and Y,X a variety over
K. Write YK (resp.XK) for the scheme Y ×SpecK SpecK (resp.X ×SpecK
SpecK) and GK for the group Gal (K/K). Take a geometric point ∗Y
(resp. ∗X) of YK (resp.XK) and suppose that YK (resp.XK) is connected.
A morphism f : Y → X over K induces a homomorphism
f∗ : π1(Y, ∗Y )→ π1(X, ∗X )
over GK between the e´tale fundamental groups of Y andX which is uniquely
determined up to inner automorphisms of π1(XK , ∗X) (since the natural
isomorphism π1(X, f(∗Y )) ∼= π1(X, ∗X ) is uniquely determined up to inner
automorphisms of Ker(π1(XK , ∗X)→ GK)). Note that the e´tale fundamen-
tal group π1(XK , ∗X ) is isomorphic to Ker(π1(XK , ∗X ) → GK). Hence, we
obtain a natural map
MorK(Y,X)→ HomGK (π1(Y, ∗Y ), π1(X, ∗X ))/Inn π1(XK , ∗X)
where we write MorK(Y,X) for the set of morphisms from Y to X over K
and HomGK (π1(Y, ∗Y ), π1(X, ∗X )) for the set of continuous homomorphisms
over GK from π1(Y, ∗Y ) to π1(X, ∗X ).
In anabelian geometry, the following questions have been studied.
Question 0.1. 1. Write IsomK(Y,X) (resp. IsomGK (π1(Y, ∗Y ), π1(X, ∗X )))
for the subset of MorK(Y,X) (resp.HomGK (π1(Y, ∗Y ), π1(X, ∗X ))) con-
sisting of isomorphisms. Then is the map
IsomK(Y,X)→ IsomGK (π1(Y, ∗Y ), π1(X, ∗X ))/Inn π1(XK , ∗X )
bijective?
2. Write MordomK (Y,X) for the subset of MorK(Y,X) consisting of dom-
inant morphisms and HomopenGK (π1(Y, ∗Y ), π1(X, ∗X )) for the subset
of HomGK (π1(Y, ∗Y ), π1(X, ∗X )) consisting of dominant morphisms.
Then is the map (cf. Lemma 1.6)
MordomK (Y,X)→ Hom
open
GK
(π1(Y, ∗Y ), π1(X, ∗X ))/Innπ1(XK , ∗X)
bijective?
3. Suppose that Y = SpecK. Hence MorK(Y,X) = X(K). Write
SectGK (π1(X, ∗X )) for the set of sections of the homomorphism π1(X, ∗X )→
GK . Then is the map
X(K)→ SectGK (π1(X, ∗X ))/Inn π1(XK , ∗X)
bijective?
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In the case where K is finitely generated over Q, Y is a normal variety,
andX is a hyperbolic curve (cf. Definition 1.1), A. Grothendieck conjectured
that the answer to Question0.1.1, 2, and 3 (see Conjecture 4.1 for a precise
statement) are affirmative [Letter]. Question 0.1.1 (resp. 2 ; 3) is called the
Isom version of the Grothendieck Conjecture (resp. the Hom version of the
Grothendieck Conjecture ; the Grothendieck Section Conjecture).
Suppose that Y is a normal variety, and that X is a hyperbolic curve.
In the case where K is finitely generated over Q and Y is also a hyperbolic
curve, Question 0.1.1 was affirmatively answered by Tamagawa [Tama1]. In
the case where K is sub-p-adic field (i.e., a subfield of a field finitely gener-
ated over Qp (cf. Definition 1.5)) and Y is a smooth variety, Question 0.1.2
is affirmatively answered by Mochizuki [Moch1] (cf. Proposition 1.10). Also,
the injectivity portion of Question 0.1.3 is proved in [Moch1] (cf. Proposition
1.12).
Suppose that Y is a normal variety, and that X is a hyperbolic polycurve
(cf. Definition 1.1), that is, a variety X over K which admits a structure of
successive smooth fibrations
X = Xn
fn
→ Xn−1
fn−1
→ · · ·
f2
→ X1
f1
→ SpecK (1)
whose fibers are hyperbolic curves which are regarded as higher dimensional
analogue of hyperbolic curves. In the case where K is finitely generated
over Q and n ≤ 4, Question 0.1.2 was affirmatively answered by Hoshi
under some conditions (cf. Proposition 1.14.2) [Ho2]. Then he proved Ques-
tion 0.1.1 by using this result. Moreover, when X is a strongly hyperbolic
Artin neighbourhood ([SS] Definition 6.1) and K is finitely generated over
Q, Question 0.1.1 was affimatrively answered by Stix and Schmidt [SS]. In
the present paper, we generalize Proposition 1.14.2 (which corresponds to
the Hom version of Grothendieck Conjecture for hyperbolic polycurves of
dimension 2 over sub-p-adic fields).
In the situation of Proposition 1.14.2, we work with an outer open ho-
momorphism φ whose kernel is topologically finitely generated. In this case,
a morphism f inducing φ is automatically dominant. To generalize Propo-
sition 1.14.2 for the case where the kernel of φ is not topologically finitely
generated, we can not expect that f is dominant.
Problem 0.2. There exists a neither constant nor dominant morphism
f : Y → X2 which induces an outer open homomorphism f∗ : π1(Y, ∗Y ) →
π1(X2, ∗X). Hence, we need to establish a criterion for an outer homomor-
phism π1(Y, ∗Y ) → π1(X2, ∗X) to be induced by a dominant morphism of
varieties.
To solve this problem, we use the following observation:
Observation 0.3. Consider a nonconstant morphism f : Y → X2 such
that the composite morphism Y → X2 → X1 is dominant. Note that the
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dimension of the image of f is 1 if and only if there exists a dominant
morphism X ′1 → X1 from a hyperbolic curve and a morphism Y → X
′
1 over
X1 such that the induced morphism Y → X2 ×X1 X
′
1 defines a section of
the morphism X2 ×X1 X
′
1 → X
′
1. Therefore, a similar argument for the
homomorphisms between e´tale fundamental groups should be hold if the
Hom version of the Grothendieck Conjecture for X2 holds.
The author can not prove the complete analogue for homomorphisms be-
tween fundamental groups at the time of writing. (We discuss this problem
in Section 6. If the Grothendieck Section Conjecture holds, we can obtain
the complete analogue.) We prove Theorem 0.4 by using a weaker version
of the above argument (cf. Proposition 2.4).
The main results of this paper are as follows:
Theorem 0.4. (see Theorem 3.5 for a precise statement) Let K be a sub-
p-adic field, Y a regular variety over K, X2 → X1 → SpecK a hyperbolic
polycurve of dimension 2 over K, and φ an outer open homomorphism from
π1(Y, ∗Y ) to π1(X2, ∗X). Then the following are equivalent:
1. φ is induced by a dominant morphism from Y to X over K
2. Let K ′ be a finite extension of K, X ′1 a hyperbolic curve over K
′,
X ′1 → X1 a dominant K-morphism, ∗X′ a geometric point of X
′
1, and
φ′1 : π1(Y, ∗Y ) → π1(X
′
1, ∗X′) an outer open homomorphism over GK .
Then the image of the induced outer homomorphism
φ′ : π1(Y, ∗Y )→ π1(X2, ∗X )×pi1(X1,∗X) π1(X
′
1, ∗X′)
is open.
3. The following condition is not satisfied:
There exist a finite extension K ′ of K, hyperbolic curve X ′1 over
K ′, X ′1 → X1 a K-morphism, and an outer open homomorphism
φ′1 : π1(Y, ∗Y ) → π1(X
′
1, ∗X′) over GK such that for any geometric
point ∗X′ of X2 ×X1 X
′
1 over ∗X , the image of the induced outer ho-
momorphism
φ′ : π1(Y, ∗Y )→ π1(X2, ∗X )×pi1(X1,∗X) π1(X
′
1, ∗X′)
determines a section of the homomorphism
π1(X2, ∗X )×pi1(X1,∗X) π1(X
′
1, ∗X′)→ π1(X
′
1, ∗X′).
Remark 0.5. 1. One may consider that we should take ∗X′ which is over
the geometric point ∗X of X1. Since we only consider outer homomor-
phisms in Theorem 0.4, this does not matter.
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2. By [Moch1] Theorem A (cf. Proposition 1.10), to give dominant K-
morphismX ′1 → X1 is equivalent to give an outer open homomorphism
ΠX′1 → ΠX1 over GK . Hence, we can state the conditions in Theorem
0.4.2 and 3 without a morphism of schemes X ′1 → X1.
Theorem 0.6. (see Theorem 5.5 and Corollary 5.7 for a more weaker con-
dition) Let K be a sub-p-adic field, Y a normal variety over K, X2 → X1 →
SpecK a hyperbolic polycurve of dimension 2 over K, φ an outer open
homomorphism from π1(Y, ∗Y ) to π1(X2, ∗X). If the Grothendieck Section
Conjecture (cf. Question 0.1.3 and Conjecture 4.1) for hyperbolic curves over
a sub-p-adic field holds, then each element of
HomopenGK (π1(Y, ∗Y ), π1(X2, ∗X ))/π1(X2,Ksep , ∗X ))
arises from an element of MornonconstK (Y,X2). Here, Mor
nonconst
K (Y,X2) de-
notes the subset of MorK(Y,X2) consisting of nonconstant morphisms.
In [Moch1], the Isom and Hom Version of the pro-p Grothendieck Con-
jecture for hyperbolic curves over sub-p-adic fields are studied. Sawada
studied the Isom and Hom Version of the pro-p Grothendieck Conjecture
for hyperbolic polycurves over sub-p-adic field under some conditions on
their fundamental groups [Saw]. In the appendix of the present paper, we
give examples of hyperbolic polycurves over sub-p-adic field which shows
that the Isom and Hom version of the pro-p Grothendieck Conjecture for
hyperbolic polycurves over sub-p-adic field does not holds generally.
The content of each section is as follows: In Section 1, we give a re-
view on properties of e´tale fundamental groups of hyperbolic polycurves.
In Section 2, we give a classification of outer open homomorphisms from
the fundamental group of a regular variety to that of hyperbolic polycurve
of dimension 2 over a field of characteristic 0 by using homotopy exact se-
quence constructed in [Nag]. In Section 3, we give a proof of Theorem 0.4.
In Section 4, we review the Grothendieck Section Conjecture for hyperbolic
curves over sub-p-adic fields. In Section 5, we give a proof of Theorem 0.6.
In Section 6, we give a classification of outer open homomorphisms from the
fundamental group of a regular variety to that of a hyperbolic polycurve
of dimension 2 over a sub-p-adic field in the case where the Grothendieck
Section Conjecture holds. In Section 7, we give examples of hyperbolic poly-
curves which shows that the anabelianity of hyperbolic polycurves is weaker
than that of hyperbolic curves in some sense.
Acknowledgements: The author thanks Yuichiro Hoshi for various useful
comments, and especially for the following: (i) informing me of the argu-
ments used in Corollary 5.7; (ii) explaining to me various results about the
Grothendieck Section Conjecture. This work was supported by the Research
Institute for Mathematical Sciences, a Joint Usage/Research Center located
in Kyoto University.
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1 Notation and Basic Properties
In this section, we fixes some notations and definitions.
1.1 Definitions
We start with the definition of hyperbolic curves.
Definition 1.1. Let S be a scheme.
1. We shall say that a scheme X is a hyperbolic curve over S if the
following conditions are satisfied:
• X is a scheme over S.
• There exists a scheme X which is proper smooth over S with
connected 1-dimensional fibers of genus g.
• There exists a reduced closed divisor D of X which is finite e´tale
over S of rank r.
• The open subscheme X \D of X is isomorphic to X over S.
• 2g + r − 2 > 0.
2. We shall say that X2 → X1 → S is a hyperbolic polycurve of relative
dimension 2 over S if X2 → X1 and X1 → S are hyperbolic curves.
Remark 1.2. Let S be a normal scheme and X a hyperbolic curve over S.
Then a pair of schemes (X,D) which satisfies the conditions in Definition
1.1.1 is uniquely determined by X up to canonical isomorphisms from the
argument given in the discussion entitled Curves in [Moch3] §0. We shall
refer to D as the divisor of the cusps of X → S.
Proposition 1.3. ([Ho2] Proposition 2.3) Let S be a connected Noetherian
separated normal scheme over Q and X2 → X1 → S a hyperbolic polycurve
of relative dimension 2 over S. Let Y2 → X2 be a finite e´tale covering. Write
Y1 (resp.T ) for the normalization of X1 (resp.S) in the function field of Y2.
Then Y2 → Y1 → T is a hyperbolic polycurve of relative dimension 2.
Definition 1.4. Let K be a field. We shall say that a scheme X over K is
a variety if the morphism X → SpecK is separated and of finite type with
geometrically connected fibers.
Notation-Definition 1.5. 1. Let K be a field. We write GK for the
absolute Galois group of K.
2. Let p be a prime number p. We say that a field K is a sub-p-adic field
if there exists a finitely generated extenision field L over Qp and an
injective homomorphism ι : K → L.
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1.2 Fundamental Groups of Relative Curves
In the present section, we review properties of e´tale fundamental groups of
hyperbolic polycurves. All the statements in this section except for Propo-
sition 1.8 are the results of [Ho2].
Lemma 1.6. ([Ho2] Lemma 1.3) LetX, Y be connected Noetherian schemes
and f : X → Y a morphism. Suppose that Y is normal, and that f is
dominant and of finite type. Take a geometric point ∗ of X. Then the
homomorphism π1(X, ∗) → π1(Y, ∗) induced by f is open.
Proposition 1.7. ([Ho2] Proposition 2.4 (i)(ii)(iii)) Let S be a connected
locally Noetherian normal scheme over SpecQ. Let X → S be a hyperbolic
curve. Take a geometric point s of S and write Xs for the scheme X ×S
s. Take another geometric point ∗ of Xs and consider a sequence of e´tale
fundamental groups
1→ π1(Xs, ∗)→ π1(X, ∗) → π1(S, ∗)→ 1. (2)
1. The sequence (2) is exact.
2. Let S′ → S be a dominant morphism from another connected locally
Noetherian normal scheme. Take another geometric point ∗′ of X ×S
S′. Then we have a natural isomorphism
π1(X ×S S
′, ∗′) ∼= π1(X, ∗
′)×pi1(S,∗′) π1(S
′, ∗′).
3. A topologically finitely generated normal closed subgroup of the group
π1(Xs, ∗) is open or trivial.
4. The group π1(Xs, ∗) is infinite.
Proposition 1.8. Let S be a locally Noetherian normal scheme and X → S
a hyperbolic curve. Write D for the divisor of cusps of X → S.
1. The divisor D is a finite disjoint union of normal schemes which are
e´tale over S.
2. Let D0 be an irreducible component of D. Take a geometric (generic)
point ∗ of X and write Gd for the decomposition group of D0 in
π1(X, ∗). Then we have the following natural commutative diagram
of profinite groups with exact horizontal lines and injective vertical
arrows:
1 // Ẑ(1) //
_

Gd
_

// π1(S, ∗) // 1
1 // ∆X/S // π1(X, ∗) // π1(S, ∗) // 1.
(3)
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Here, we write ∆X/S for the kernel of the homomorphism π1(X, ∗)→
π1(S, ∗).
3. Let S′ be another locally Noetherian normal scheme and S′ → S a
dominant morphism. Take another geometric point ∗′ of X ×S S
′.
Choose an irreducible component D′0 of the divisor of cusps of X ×S
S′ → S′ over D0. Write G
′
d for the decomposition group of D
′
0 in
π1(X
′, ∗′) which is over Gd (uniquely determined up to conjugate by
elements of Ker (π1(X
′, ∗′) → π1(X, ∗
′))). Then we have a natural
isomorphism G′d
∼= Gd ×pi1(S,∗′) π1(S
′, ∗′).
Proof. Since the morphism D → S is e´tale, assertion 1 holds. Write K(S)
for the function field of S and XK(S) for the scheme X×S SpecK(S). Then
D0 ×S X is an irreducible component of the divisor of cusps of the curve
XK(S) → SpecK(S). Write G
K(S)
d for the decomposition group of D0 ×S X
in π1(XK(S), ∗) over Gd. We obtain the following diagram of profinite groups
with exact horizontal lines by [Tama1] Lemma 2.2:
1 // Ẑ(1) //
_

G
K(S)
d
_

// GK(S) // 1
1 // ∆X/S // π1(XK(S), ∗)

// GK(S) //

1
1 // ∆X/S // π1(X, ∗) // π1(S, ∗) // 1.
(4)
Since the homomorphism G
K(S)
d → Gd is surjective, the assertion 2 holds.
The assertion 3 follows from the assertion 2 and Proposition 1.7.2.
Lemma 1.9. ([Ho2] Lemma 2.10) Let k be a field of characteristic 0, S
normal varieties over k, and X a hyperbolic polycurve over S. Let Y be a
normal variety over k and Y → S a morphism over k. Write η → Y for
the generic point of Y and take a geometric point η of η. Write Gη for the
absolute Galois group of the function field of Y . Let φ : π1(Y, η)→ π1(X, η)
be a continuous homomorphism over π1(S, η). Then the following conditions
are equivalent:
1. There exists an element δ of Ker(π1(X, η) → π1(S, η)) such that the
composite of φ with δ-inner automorphism arises from a morphism
Y → X over S.
2. There exists a morphism η → X over S and an element δ of
Ker(π1(X, η)→ π1(S, η)) such that the homomorphismGη → π1(X, η)
induced by this morphism coincides with the composite homomor-
phism of the outer surjection Gη → π1(Y, η) induced by η → Y , φ,
and δ-inner automorphism.
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1.3 Anabelian Geometry of Hyperbolic Polycurves
In this subsection, we review the theory of anabelian geometry of hyperbolic
polycurves over sub-p-adic fields.
First, we start with a treatment of outer homomorphisms. Let G1 and
G2 be profinite groups. An outer homomorphism G1 → G2 is defined to
be an equivalence class of continuous homomorphisms G1 → G2, where two
such homomorphisms are considered equivalent if they differ by composi-
tion with an inner automorphism of G2. Note that the image of an outer
homomorphism is well-defined up to conjugation. For any outer homomor-
phism φ, we shall say that φ is open (or, alternatively, φ is an outer open
homomorphism) if the image (determined uniquely up to conjugation) of φ
is open.
Let K be a field of characteristic 0 and K an algebraic closure of K.
Let X and Y be normal varieties (cf. Definition 1.4) over K. Write XK
(resp.YK) for the scheme X ×SpecK SpecK (resp.Y ×SpecK SpecK). Take
a geometric point ∗X (resp. ∗Y ) of XK (resp.YK).
Suppose that X → SpecK is a hyperbolic curve over K.
Proposition 1.10. ([Moch1] Theorem A and [Ho2]Theorem 3.3) Suppose
that K is a sub-p-adic field. Then the map
MordomK (Y,X)→ Hom
open
GK
(π1(Y, ∗Y ), π1(X, ∗X ))/Innπ1(XK , ∗X) (5)
is bijective (cf. Question 0.1.2).
Remark 1.11. There exists hyperbolic curves C1 and C2 over a sub-p-
adic field K and an outer homomorphism between their fundamental groups
which is not induced by a morphism of schemes over K (cf. Example 4.4.2).
Proposition 1.12. (cf. [Moch1] Theorem C) Suppose thatK is a sub-p-adic
field, and that X → SpecK is a hyperbolic curve over K. The natural map
X(K)→ SectGK (π1(X, ∗X ))/Innπ1(XK , ∗X ) (6)
is injective (cf. Question 0.1.3).
Remark 1.13. As written in [Ho1] Introduction, the Proposition 1.12 holds
if K is a generalized sub-p-adic field (cf. the proof of [Moch1] Theorem C
and [Moch2] Theorem 4.12 and Remark following Theorem 4.12).
Suppose that X = X2 → X1 → SpecK be a hyperbolic polycurve of
dimension 2 over K. Write X2,K (resp.X1,K) for the base change X2×SpecK
SpecK (resp.X1 ×SpecK SpecK).
9
Proposition 1.14. ([Ho2] Proposition 3.2 (ii) and Theorem A) Consider
the following commutative diagram:
MorK(Y,X2) // HomGK (π1(Y, ∗Y ), π1(X2, ∗X))/π1(X2,K , ∗X))
MordomK (Y,X2)
//
 ?
OO
HomopenGK (π1(Y, ∗Y ), π1(X2, ∗X))/π1(X2,K , ∗X)
 ?
OO
(7)
1. The first horizontal map is (and hence the second horizontal map is
also) injective.
2. An element φ ∈ HomopenGK (π1(Y, ∗Y ), π1(X2, ∗X))/π1(X2,K , ∗X ) is con-
tained in the image of the second horizontal map if the kernel of φ is
topologically finitely generated.
Remark 1.15. 1. Proposition 1.14.1 holds in the case whereX2 → X1 →
SpecK is a hyperbolic polycurve of arbitrary dimension.
2. The Isom Version of the Grothendieck Conjecture for hyperbolic poly-
curves of dimension 2 over sub-p-adic fields follows immediately from
Proposition 1.14. See [Ho2] for higher dimensional results.
3. As we write in Introduction, Mochizuki proved the Hom Version of
the pro-p Grothendieck Conjecture for hyperbolic curves over sub-p-
adic fields (cf. [Moch1]). Moreover, Sawada proved a pro-p analogue of
Proposition 1.14 under some assumption on the fundamental groups
of hyperbolic polycurves. We construct examples which show that
the Isom version of the pro-p Grothendieck Conjecture for hyperbolic
polucurves over sub-p-adic fields does not holds in general in Section
7.
Suppose that K is a sub-p-adic field, and that X = X2 → X1 → SpecK
is a hyperbolic polycurve of dimension 2 over K. Write ξ (resp. η) for the
generic point of X1 (resp.Y ) and X2,ξ for the scheme X2 ×X1 ξ. Suppose,
moreover, that the image of ∗X in X1 is ξ. Let φ : π1(Y, ∗Y )→ π1(X2, ∗X)
be an outer open homomorphism over GK . Write φ1 for the composite
outer open homomorphism π1(Y, ∗Y ) → π1(X2, ∗X) → π1(X1, ∗X) and f1
for the K-morphism Y → X1 determined by Proposition 1.10. Write K(ξ)
(resp.K(η)) for the function field of ξ (resp. η), Gξ (resp.Gη) for the ab-
solute Galois group of K(ξ), and φ1,ξ : π1(Yξ, ∗Y ) → Gξ for the outer
homomorphism induced by the morphism Yξ → ξ. Since π1(X2,ξ, ∗X) ∼=
π1(X2, ∗X) ×pi1(X1,∗X) Gξ by Proposition 1.7.2, φ and φ1,ξ induce an outer
homomorphism φξ : π1(Yξ, ∗Y )→ π1(X2,ξ, ∗X).
Proposition 1.16. The following are equivalent:
10
1. The outer homomorphism φξ is induced by a K(ξ)-morphism Yξ →
X2,ξ.
2. There exists a K-morphism Y → X2 which induces φ.
Proof. The implication 2⇒ 1 follows from Proposition 1.7.2. Suppose that
the outer homomorphism φξ is induced by a K(ξ)-morphism fξ : Yξ → X2,ξ.
The composite outer homomorphism
Gη → π1(Yξ, ∗Y )
fξ,∗
→ π1(X2,ξ, ∗X)→ π1(X2, ∗X)
coincides with the composite of the outer surjection Gη → π1(Y, ∗Y ) induced
by the morphism η → Y and φ. Then by Lemma 1.9, the K(ξ)-morphism
fξ induces a morphism Y → X2 inducing φ.
Corollary 1.17. The following are equivalent:
1. The outer homomorphism φξ is induced by a dominantK(ξ)-morphism
Yξ → X2,ξ.
2. The image of the outer homomorphism φξ is open.
3. There exists a dominant K-morphism Y → X2 which induces φ.
Proof. Since K(ξ) is a sub-p-adic field, Corollary 1.17 follows from Propo-
sition 1.10 and Proposition 1.16.
2 Morphisms from Regular Varieties to Hyper-
bolic Curves
In this section, we recall homotopy exact sequences established in [Nag] and
give a classification of outer open homomorphisms from the e´tale fundamen-
tal group of regular varieties to that of hyperbolic polycurves of dimension
2 over a field of characteristic 0.
Let K be a field of characteristic 0, X1 → SpecK a hyperbolic curve,
Y → SpecK a regular variety, and f1 : Y → X1 a dominant morphism
over K. Write NY/X1 for the normalization of X1 in the function field of
Y , EY/X1 → X1 for the maximal e´tale subcovering of NY/X1 → X1, and
UY/X1 for the open subscheme of NY/X1 which is the image of Y in NY/X1 .
Note that the schemes NY/X1 , EY/X1 , and UY/X1 are hyperbolic curve over
K. Write η for the generic point of UY/X1 . Take a geometric generic point
η of UY/X1 and write Yη for the scheme Y ×UY/X1 η. Take a geometric point
∗ of Yη. Then we have the following sequence of e´tale fundamental groups:
π1(Yη, ∗)→ π1(Y, ∗)→ π1(EY/X1 , ∗)→ 1. (8)
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Proposition 2.1. (cf. [Nag] Theorem 4.1) The following are equivalent:
1. UY/X1 = NY/X1 = EY/X1 and the gcd of the multiplicities of the
generic points of each closed fiber of the morphism Y → UY/X1 is 1.
2. The sequence (8) is exact.
3. The group Ker (π1(Y, ∗) → π1(EY/X1 , ∗)) is topologically finitely gen-
erated.
Proposition 2.2. There exist a finite extension K ′ of K, a hyperbolic curve
over K ′, and a finite dominant morphism X ′1 → UY/X1 over K such that the
following two conditions hold:
• Write Y ′ for the normalization of the scheme Y ×UY/X1 X
′
1. Then the
composite morphism Y ′ → Y ×UY/X1 X
′
1 → Y is a finite e´tale covering.
• Write f ′1 for the composite morphism Y
′ → Y ×UY/X1 X
′
1 → X
′
1. Then
f ′1 satisfies the equivalent conditions in Proposition 2.1.
Proof. Note that the scheme Y ×UY/X1X
′
1 is integral (cf. [Nag] Lemma 1.6.1).
For a closed point u of X1, we write e(u) for the gcd of the multiplicities of
the generic points of the fiber f−11 (u). By generic smoothness, the set {u ∈
X1; e(u) 6= 1} is finite (therefore, we write {u1, . . . , un} = {u ∈ X1; e(u) 6=
1}). Take a nontrivial finite Galois e´tale covering X˜1 → UY/X1 such that
we can choose closed points x˜i,1 and x˜i,2 of X˜1 over ui (1 ≤ i ≤ n). Then
there exists a finite Galois e´tale covering X ′1,i → X˜1 which is Z/e(ui)Z-
Galois e´tale covering over X˜1 \ {x˜i,1, x˜i,2} and totally tamely ramified over
x˜i,1 and x˜i,2. Then write X
′
1 → X1 for the Galois closure of the covering
X ′1,1 ×X˜1 . . . ×X˜1 X
′
1,n → X1. For any closed point x
′
i of X
′
1 over ui, its
ramification index is e(u). Hence, by [Nag] Theorem 3.3, the morphism
Y ′ → Y is a finite e´tale morphism. Therefore, the morphism Y ′ → X ′1
satisfies condition 3 of Proposition 2.1.
Let X2 → X1 be a hyperbolic curve. Then X2 → X1 → SpecK is a
hyperbolic polycurve of dimension 2 over K.
Notation-Definition 2.3. 1. For a variety Z over a field, we shall write
ΠZ for its fundamental group in the rest of this section. We only
consider outer homomorphisms, and hence we do not write base points.
2. We shall write ∆2,1 for the kernel of the homomorphism ΠX2 → ΠX1 .
By Proposition 1.7.2, the kernel of the homomorphism ΠX2×X1X
′
1
→
ΠX′1 is canonically isomorphic to ∆2,1 for any connected scheme X
′
1
over X1.
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Let φ : ΠY → ΠX2 be an outer open group homomorphism. Suppose
that the composite homomorphism φ1 : ΠY → ΠX2 → ΠX1 coincides with
the outer homomorphism induced by a morphism f1 : Y .
Proposition 2.4. Let K ′ be a finite extension of K, X ′1 a hyperbolic curve
over K ′, X ′1 → X1 a finite dominant morphism over K, Y
′ → Y a finite
e´tale morphism, and f ′1 : Y
′ → X ′1 a dominant morphism over X1. Write
φ′1 : ΠY ′ → ΠX′1 for the the induced outer group homomorphism by f
′
1.
Then we have the following diagram of e´tale fundamental groups:
ΠY ′
φ′ %%
_

φ′1
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯
ΠY
φ $$❏
❏❏
❏❏
❏❏
❏❏
❏
ΠX2×X1X
′
1
//

ΠX′1

ΠX2 // ΠX1 .
(9)
By Proposition 1.7.2, ΠX2×X1X
′
1
is naturally isomorphic to the group ΠX2×ΠX1
ΠX′1 . Write φ
′ for the outer homomorphism ΠY ′ → ΠX2×X1X
′
1
induced by φ
and φ′1. Suppose that the kernel of the outer homomorphism φ
′
1 is topolog-
ically finitely generated. Then one of the following conditions is satisfied:
• The image of the outer homomorphism φ′ is open.
• The outer homomorphism φ′(ΠY ′)→ φ
′
1(ΠY ′) is an isomorphism.
Proof. We may assume that φ′1(ΠY ′) = ΠX′1 . Then we may also assume
that φ1(ΠY ) = ΠX1 . Moreover, we may assume that φ(ΠY ) = ΠX2 by
Proposition 1.3. Therefore, it holds that Ker (φ1)/Ker (φ) ∼= ∆2,1.
Since Ker (φ′1) is a normal closed subgroup of ΠY ′ , Ker(φ1) is normal in
Ker (φ1) ∩ ΠY ′ . Thus, the image of the homomorphism Ker (φ
′
1) → ∆2,1 is
normal in the image of the homomorphism Ker (φ1) ∩ ΠY ′ → ∆2,1 which
is open in ∆2,1. By Proposition 1.7.3, the image of Kerφ
′
1 in ∆2,1(
∼=
Ker (ΠX2×X1X
′
1
→ ΠX′1) by Notation-Definition 2.3.2) is open or trivial since
Ker (φ′1) is topologically finitely generated.
If the image of the homomorphism Kerφ′1 → ∆2,1 is open, then the
image of the homomorphism φ′ is also open.
If the image of the homomorphism Kerφ′1 → ∆2,1 is trivial, Kerφ
′
1 =
Kerφ1. Therefore, the homomorphism ΠY ′/Kerφ
′ → ΠX′1 is an isomor-
phism.
Remark 2.5. Proposition 2.4 holds if Y is a normal variety. On the other
hand, Proposition 2.1, and Proposition 2.2 do not hold if Y is normal in
general.
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3 A Characterization of Outer Homomorphisms
Arising from Dominant Morphisms of Schemes
In this section, we discuss conditions of outer homomorphisms from the
e´tale fundamental group of regular varieties to that of hyperbolic curves,
and prove Theorem 0.4.
Let p be a prime number and K a sub-p-adic field (cf. Definition 1.5).
Let X1,X2, and Y be as in Section 2. For any variety W over a field, we
shall write ΠW for the e´tale fundamental group of W in this section. Let
φ : ΠY → ΠX2 be an outer open surjective homomorphism over GK . Write
φ1, f1, ξ, and φξ as in Proposition 1.16.
Proposition 3.1. Suppose that f1 satisfies the equivalent conditions in
Proposition 2.1. Then the outer homomorphism φ is induced by a dominant
morphism Y → X2 over K.
Proof. It suffices to show that the outer homomorphism φξ is open by Corol-
lary 1.17. We may assume that φ is surjective by Proposition 1.3 and Lemma
1.7.2. It holds that φξ is also surjective by 1.7.2 and the homotopy exact
sequence obtained by the assumption that Proposition 2.1 holds for f1.
Remark 3.2. In the case where Y is normal (not regular), condition 2 and
3 in Proposition 2.1 are equivalent (cf. [Ho4] and [Nag] Remark 2.2), and
hence Proposition 3.1 holds.
Remark 3.3. One can verify that Kerφ1 is topologically generated if Kerφ
is so. Therefore, Proposition 1.14.2 follows from Proposition 3.1 and Remark
3.2.
Definition 3.4. 1. We say that φ satisfies the property (O) if the fol-
lowing condition is satisfied:
(O): Let K ′ be a finite extension of K, Z → Y a connected finite e´tale
covering, and C → X1 a finite dominant morphism from a hyperbolic
curve over K ′. Let f ′1 : Z → C be a morphism such that the following
diagram commutes:
Z
f ′1
//

C

Y
f1 // X1.
(10)
Write φ′1 : ΠZ → ΠC for the outer open homomorphism induced by
14
f ′1. Suppose that the following diagram commutes:
ΠZ
&&
_

φ′1
++❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱
ΠY
φ &&▲▲
▲▲
▲▲
▲▲
▲▲
▲ ΠX2 ×ΠX1 ΠC
//

ΠC

ΠX2
// ΠX1 .
(11)
Then the image of the induced outer homomorphism ΠZ → ΠX2×ΠX1
ΠC is open.
2. We say that φ satisfies the property (S) if the following condition is
satisfied:
(S): There exist a finite extension field K ′ of K, a connected finite
e´tale covering Z → Y , a finite dominant morphism X ′ → X from
a hyperbolic curve over K ′, and an outer open homomorphism φ′1 :
ΠZ → ΠC such that the following conditions are satisfied:
• The diagrams in 1 commute.
• The image of the induced outer homomorphism
ΠZ → ΠX2 ×ΠX1 ΠC
determines a section of the outer homomorphism
ΠX2 ×ΠX1 ΠC → ΠC .
Let UY/X1 be as in Section 2. Let K
′,X ′1, f
′
1, φ
′
1, and Y
′ be as in Propo-
sition 2.2. Write ξ′ for the generic point of the scheme X ′1 and φ
′
ξ′ for the
outer homomorphism ΠY ′×X′
1
ξ′ → ΠX′2×X′
1
ξ′ induced by φ
′.
Theorem 3.5. (cf. Theorem 0.4) The following are equivalent:
1. The outer homomorphism φ satisfies property (O).
2. The outer homomorphism φ does not satisfy property (S).
3. The image of outer homomorphism φ′ is open.
4. There exists a dominant K ′-morphism f ′ : Y → X2 ×X1 X
′
1 which
induces φ′ (or equivalently, φ′ and φ′ξ′ satisfy the equivalent conditions
in Corollary 1.17).
5. There exists a dominant K-morphism f : Y → X2 which induces φ
(or equivalently, φ and φξ satisfy the equivalent conditions in Corollary
1.17).
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Proof. The implication 5 ⇒ 1 follows from Lemma 1.6. The implications
1⇒ 2 and 2⇒ 3 follow from Lemma 1.7, Proposition 2.4, and the definitions
of (O) and (S). The implication 3⇒ 4 follows from Proposition 3.1. We show
the implication 4⇒ 5. Since the outer homomorphism ΠX′2×X′
1
ξ′ → ΠX2×X1ξ
is open (injective), the outer homomorphism φξ is also open. Hence, the
implication 4⇒ 5 holds, and we finished the proof of Theorem 3.5.
Remark 3.6. We can not apply the same argument as Theorem 3.5 to a
normal variety Y (cf. Remark 2.5).
4 The Grothendieck Section Conjecture
In this section, we recall the Grothendieck Section Conjecture for hyperbolic
curves over sub-p-adic fields.
Let K be a field of characteristic 0 and X a hyperbolic curve over K.
Write K for the algebraic closure of K and XK for the scheme X ×SpecK
SpecK. If X has a K-rational point x, we have a section
GK(x) → π1(X,x)
of the homomorphism π1(X,x)→ GK defined by x. Here, x is a geometric
point of X over x. If we consider another K-rational point of X, we need to
take a geometric point over this point. Therefore, it is natural to work with
sections of π1(X,x)→ GK up to inner automorphisms induced by elements
of the e´tale fundamental group of the scheme XK . Take a geometric point ∗
of XK . Write the SectGK (π1(X, ∗)) for the set of continuous section of the
homomorphism π1(X, ∗) → GK .
First, we state “the Grothendieck Section Conjecture” in a general set-
ting.
Conjecture 4.1. 1. Suppose that X is a proper hyperbolic curve over
K. Then the map
X(K)→ SectGK (π1(X, ∗))/Inn π1(XK , ∗) (12)
is bijective.
2. Write SectCDGK (π1(X, ∗)) for the subset of SectGK (π1(X, ∗)) consisting
of sections whose images are contained in a decomposition group of
some cusp of X. Then the natural map
X(K)→ (SectGK (π1(X, ∗)) \ Sect
CD
GK
(π1(X, ∗)))/Inn π1(XK , ∗) (13)
is bijective (cf. Example 4.4.1).
Suppose that K is a sub-p-adic field.
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Lemma 4.2. The map (13) is well-defined and injective.
Proof. The injectivity portion follows from Proposition 1.12. The well-
definedness portion follows from the proof of [Moch4] Theorem 1.3 (iv) and
Proposition 1.12.
Remark 4.3. 1. Lemma 4.2 holds if K is generalized sub-p-adic by its
proof and Remark 1.13.
2. There exist (generalized) sub-p-adic fields such that the Grothendieck
Section Conjecture does not holds for hyperbolic curves over them.
Let L be the algebraic closure of Q in Qp. Then L is a henselian
discrete valuation field with respect to p-adic topology, and we have
GL ∼= GQp . Let X be a hyperbolic curve over L which has L-rational
points. Since the induced map X(L) → X(Qp) is not surjective, the
Grothendieck Section Conjecture for X does not holds.
It is easy to see that the map (12) is not surjective if X is an affine
hyperbolic curve.
Example 4.4. Suppose that the closed subscheme X \X of the scheme X
has a K-rational point x.
1. The decomposition group of x in the fundamental group π1(X, ∗) is
isomorphic to the Galois group GK((T )) of the field of Laurent series
over K by Proposition 1.8.2. Since the characteristic of K is 0, there
exists a section of the homomorphism GK((T )) → GK . Therefore, we
obtain a section GK → π1(X, ∗) which is not defined by a rational
point of X by Lemma 4.2.
2. The morphism SpecK((T )) → SpecK[T, 1/T ] induces an outer iso-
morphism
(GK((T )) =)π1(SpecK((T )))→ π1(SpecK[T,
1
T
])
between their fundamental groups. Here, we do not write base points
(because we work with outer homomorphisms). Hence, we obtain an
outer homomorphism
φ : π1(P
1
K \ {0, 1,∞}) → π1(SpecK[T,
1
T
]) ∼= GK((T )) → π1(X)
whose image is a decomposition group of x. Therefore, the group Imφ
neither is open in π1(X) nor determines a section of the homomor-
phism π1(X)→ GK .
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5 Sections for Hyperbolic Polycurve of Dimension
2
In this section, we proves the Hom version of the Grothendieck Conjecture
for morphisms from regular varieties to hyperbolic polycurves of dimension 2
over a sub-p-adic field under the assumption that the Grothendieck Section
Conjecture for hyperbolic curves holds.
Let K be a field of characteristic 0 and X2 → X1 → SpecK a hyperbolic
polycurve of dimension 2 over K. LetK1 be the function field ofX1, GK1 the
absolute Galois group of K1 and write X2,K1 for the scheme X2×X1 SpecK1.
Take a geometric point ∗ of X2,K1 , and write ∆2,1 for the kernel of the homo-
morphism π1(X2, ∗)→ π1(X1, ∗) induced by X2 → X1, which is isomorphic
to the kernel of the homomorphism ΠX2×X1Z for any normal scheme Z over
X1. We shall write Sectpi1(X,∗)(π1(X2, ∗)) for the set of sections of the homo-
morphism π1(X2, ∗)→ π1(X1, ∗). Let (X2,D) be the smooth compactifica-
tion of the hyperbolic curve X2 → X1 (cf. Remark 1.2). Since X1 is normal,
we have a decomposition D = ∐
1≤i≤n
Di, where Di is a normal scheme. Write
θi for the generic point of Di. We shall write Sect
CD
pi1(X,∗)
(π1(X2, ∗)) for the
set of sections of the homomorphism π1(X2, ∗) → π1(X1, ∗) whose images
are contained in a decomposition group of some θi in π1(X2, ∗).
Lemma 5.1. There exists a natural injective map
Sectpi1(X1,∗)(π1(X2, ∗))/Inn (∆2,1)→ SectGK1 (π1(X2,K1 , ∗))/Inn (∆2,1)
(14)
which induces a map
SectCDpi1(X,∗)(π1(X2, ∗))/Inn (∆2,1)→ Sect
CD
GK1
(π1(X2,K1 , ∗))/Inn (∆2,1) (15)
and a map
(Sectpi1(X1,∗)(π1(X2, ∗)) \ Sect
CD
pi1(X,∗)
(π1(X2, ∗)))/Inn (∆2,1)
→(SectGK1 (π1(X2,K1 , ∗)) \ Sect
CD
GK1
(π1(X2,K1 , ∗)))/Inn (∆2,1).
(16)
Proof. Since the group π1(X2,K1 , ∗) is isomorphic to the group π1(X2, ∗)×pi1(X1,∗)
GK1 by Proposition 1.7.2, we obtain a natural map
Sectpi1(X1,∗)(π1(X2, ∗))/Inn (∆2,1)→ SectGK1 (π1(X2,K1 , ∗))/Inn (∆2,1).
By the surjectivity of the homomorphism GK1 → π1(X1, ∗), this map is
injective.
Let sX : π1(X1, ∗) → π1(X2, ∗) be a section of the homomorphism
π1(X2, ∗) → π1(X1, ∗) and θ an element of {θi; 1 ≤ i ≤ n} whose residue
field is isomorphic to K1. Write G
XK
d for one of the decomposition group
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of θ in ΠX2,K1 and G
X
d for the image of G
XK
d in π1(X2, ∗). Note that G
X
d
coincides with one of the decomposition group of θ in π1(X2, ∗). Write sXK
for the section of the homomorphism π1(X2,K1 , ∗)→ GK1 determined by sX .
It suffices to show that the image of the homomorphism sXK is contained in
GXKd if and only if the image of the homomorphism sX is contained in G
X
d .
This follows from Proposition 1.8. Hence, we finished the proof of Lemma
5.1.
Proposition 5.2. Let X2 → X1 → SpecK be a hyperbolic polycurve of
dimension 2 over K. Suppose that the Grothendieck Section Conjecture
holds for the hyperbolic curve X2,K1 → SpecK1. Then the map
SectX1(X2)→ (Sectpi1(X1,∗)(π1(X2, ∗)) \ Sect
CD
pi1(X,∗)
(π1(X2, ∗)))/Inn (∆2,1)
(17)
is bijective.
Proof. Consider the following diagram:
SectX1(X2)
//
_

(Sectpi1(X1,∗)(π1(X2, ∗)) \ Sect
CD
pi1(X,∗)
(π1(X2, ∗)))/Inn (∆2,1)
_

X2,K1(K1)
// (SectGK1 (π1(X2,K1 , ∗)) \ Sect
CD
GK1
(π1(X2,K1 , ∗)))/Inn (∆2,1).
(18)
The left vertical arrow is induced by base change, and hence injective. The
right vertical arrow is injective by Lemma 5.1. The second horizontal map
is bijective by the assumption of Proposition 5.2. Therefore, each element
of
(Sectpi1(X1,∗)(π1(X2, ∗)) \ Sect
CD
pi1(X,∗)
(π1(X2, ∗)))/Inn (∆2,1)
is defined by a section of the morphism X2 → X1 by Lemma 1.9. Hence, we
finished the proof of Proposition 5.2.
Corollary 5.3. Suppose that the morphism X2 → X1 is proper and that
the Grothendieck Section Conjecture holds for the hyperbolic curveX2,K1 →
SpecK1. Then the map SectX1(X2) → Sectpi1(X1,∗)(π1(X2, ∗))/Inn (∆2,1) is
bijective.
Lemma 5.4. Let K ′ be a finite extension of K, X ′1 a hyperbolic curve over
K ′, and X ′1 → X1 a dominant morphism over K. Take a geometric point ∗
′
of X2 ×X1 X
′
1. Then the images of the map
SectCDpi1(X′1,∗′)
(π1(X2 ×X1 X
′
1, ∗
′))/Inn (∆2,1)
→Hompi1(X1,∗′)(π1(X
′
1, ∗
′), π1(X2, ∗
′))/Inn (∆2,1)
(19)
and Homopenpi1(X1,∗′)(π1(X
′
1, ∗
′), π1(X2, ∗
′))/Inn (∆2,1) are disjoint.
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Proof. Lemma 5.4 follows from Proposition 1.8.2 and Proposition 1.8.3.
In the rest of this section, for any variety W over a field, we shall write
ΠW for the e´tale fundamental group of W .
Theorem 5.5. Suppose that K is a sub-p-adic field, and that Y is a regular
variety over K. Suppose that the Grothendieck Section Conjecture holds
for any field which is finitely generated extension of K with transcendental
degree 1 (cf. Remark 5.8). Then for any outer open homomorphism φ ∈
HomopenGK (ΠY ,ΠX2)/Inn(∆X), there exists a nonconstant morphism f : Y →
X inducing φ.
Proof. Let UY/X1 ,X
′
1, Y
′, φ′1, f
′
1, and φ
′ be as in Theorem 3.5. By Theorem
3.5, we may assume that the image of φ′ is not open. Therefore, by Lemma
2.4, the image of φ′ determines a section of the homomorphism ΠX2×X1X
′
1
.
Since ΠY ′ is open in ΠY , the image of ΠY ′ in ΠX2 is also open. Hence,
by Lemma 5.4, the image φ′1(ΠY ′) determines a section of the outer homo-
morphism ΠX′2 → ΠX′1 which is not contained in the inertia subgroup of
any cusps. Therefore, the image φ′1(ΠY ′) defines a section of the morphism
X2 ×X1 X
′
1 → X
′
1 by Proposition 5.2. (This is the first time when we use
the assumption of the Grothendieck Section Conjecture.) Then we have the
following commutative diagram of schemes:
Y ′ //

X ′1
//
❱❱❱❱
❱❱❱❱
❱❱❱
❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱
X2 ×X1 X
′
1
 ''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
Y
,,❳❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳ X2 ×X1 UY/X1
''◆◆
◆◆
◆◆
◆◆
◆◆
◆
X ′1

UY/X1 .
(20)
Take a nonempty open subscheme U of UY/X1 such that the morphism
X ′1 ×UY/X1 U → U is finite e´tale. Write U
′ (resp. YU ; Y
′
U ) for the scheme
X ′1 ×UY/X1 U (resp.Y ×UY/X1 U ; Y
′ ×UY/X1 U) and φ1,U : ΠYU → ΠU for
the outer homomorphism induced by the morphism YU → UY/X1 . Since
the profinite group ΠX2×X1U is isomorphic to ΠX2 ×ΠX1 ΠU by Proposition
1.7, φ and φ1,U induce an outer homomorphism φU : ΠYU → ΠX2×X1UY/X1 .
Hence, we obtain the following diagram of profinite groups:
ΠY ′U
// //
_

ΠU ′ //
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯
❯❯❯
❯❯❯
❯❯❯
❯
_

ΠX2×X1U ′
 $$■
■■
■■
■■
■■
ΠYU
φU // //
φ1,U
++ ++❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳ ImφU
  // ΠX2×X1U
%%❏❏
❏❏
❏❏
❏❏
❏
ΠU ′
_

ΠU .
(21)
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The rest of the proof consists of the following three steps:
step 1 We show that the composite outer homomorphism
ImφU → ΠX2×X1U → ΠU
is an isomorphism. Since the base change to this isomorphism over ΠU ′
is induced by the morphism U ′ → U ′, ImφU is not contained in the in-
ertia subgroup of any cusp by Proposition 1.8.3. Hence, the subgroup
ImφU of ΠX2×X1U defines a section of the morphismX2×UY/X1U → U
by Proposition 5.2. (This is the second time when we use the assump-
tion of the Grothendieck Section Conjecture.)
step 2 We show that there exists a K-morphism Y → X2 ×X1 UY/X1 in-
ducing the outer homomorphism ΠY → ΠX2×X1UY/X1 .
step 3 We show that there exists a K-morphism Y → X2 inducing the
outer homomorphism φ.
First, we show step 1. Since the scheme U (resp.U ′) is normal and the
morphism YU → U (resp.Y
′
U → U
′) is generically geometrically connected,
the outer homomorphism φ1,U : ΠYU → ΠU (resp.ΠY ′U → ΠU
′) is surjective.
Then the composite outer homomorphism ImφU → ΠX2×X1U → ΠU is also
surjective. Since we have
Im (ΠU ′ → ΠX2×X1U ) = Im (ΠY ′U → ΠX2×X1U ) ⊂ ImφU ,
we obtain a natural outer homomorphism ΠU ′ → ImφU . Let d be the exten-
sion degree between the function fields of UY/X1 andX
′
1. Since the morphism
U ′ → U (resp.Y ′U → YU) is finite e´tale of degree d, the outer homomorphism
ΠU ′ → ΠU (resp.ΠY ′U → ΠYU ) is an isomorphism to a subgroup of index
d. Hence, the outer homomorphism ΠU ′ → ImφU is injective. From the
arguments in this paragarph, we obtain the following diagram:
ΠY ′U
_
d

// // ΠU ′
_
≤d

ΠU ′
_
d

ΠYU
// // ImφU // // ΠU .
(22)
Since the first homomorphism of each horizontal line is surjective, the second
vertical homomorphism is an isomorphism into a subgroup of ImφU of index
≤ d. Thus, the surjection ImφU → ΠU is bijective, and we finished the proof
of step 1.
Next, we see that step 3 follows from step 2. It suffices to show that
the composite morphism Y → X2 ×X1 UY/X1 → X2 induces φ, which we
can verify by considering the definition of the outer homomorphism ΠY →
ΠX2×X1UY/X1 .
21
Finally, we show that step 2 follows from step 1 without using the as-
sumption that the image of φ is open. Thus, we may assume that X1 =
UY/X1 . Therefore, U is an open subscheme of X1, and it suffices to show
that φ is induced by a K-morphism. By step 1, we have the following
morphisms of schemes:
YU →
f1×idU
U → X2 ×X1 U → U.
These morphisms induce outer homomorphisms which coincide with the
outer homomorphisms
ΠYU →
φU
ImφU →֒ ΠX2×X1U → ΠU
written in the diagram (21) by Proposition 1.10. Let ξ, X2,ξ, Yξ, and φξ
be as in Proposition 1.16. Write fU (resp. fξ) for the composite morphism
YU → U → X2 ×X1 U (resp. the morphism fU × idξ).
Yξ

fξ
// X2,ξ

YU
fU
//

X2 ×X1 U

Y X2.
ΠYξ

φξ
// ΠX2,ξ

// GK(ξ)

ΠYU φU
//

ΠX2×X1U
// //

ΠU

ΠY
φ // ΠX2
// ΠX1
(23)
Since the outer homomorphisms φU and φξ are induced by φ, the right
diagram of profinite groups in (23) commutes. By Proposition 1.7.2, the
diagram of profinite groups induced by the left diagram coincides with the
corresponding part of the right diagram. Therefore, φ is induced by a mor-
phism Y → X2 over X1 by Proposition 1.16.
Remark 5.6. We can not apply the same argument as Theorem 5.5 to a
normal variety Y (cf. Remark 3.6).
Corollary 5.7. Theorem 5.5 holds if we suppose that Y is normal (not
regular).
Proof. Since there exists a dense open subscheme of Y which is smooth over
K, this follows from Lemma 1.6 and Theorem 5.5.
Remark 5.8. Suppose that the Grothendieck Section Conjecture holds for
any field which is finitely generated extension of K with transcendental
degree dimY . Write η (resp.Gη) for the spectrum (resp. the absolute Galois
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group) of the function field of Y . Then we have a diagram
Gη
 φη $$ ❚❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
ΠY
φ $$❍
❍❍
❍❍
❍❍
❍❍
❍
ΠX2×X1η
//

Gη

ΠX2 // ΠX1 ,
where φη is the outer homomorphism induced by using the isomorphism
ΠX2×X1η
∼= ΠX2 ×ΠX1 Gη.
By the assumption on Grothendieck Section Conjecture and Lemma 1.9, we
can prove that φ is induced by a K-morphism Y → X2. Then we can show
Corollary 5.7 without using the assumption that φ is open.
6 A Classification of Outer Open Homomorphisms
In the present section, we give a classification of outer open homomorphisms
from the e´tale fundamental groups of regular varieties to those of hyperbolic
curves over sub-p-adic fields under the assumption that the Grothendieck
Section Conjecture holds.
Let p,K,X2,X1, Y,ΠY ,ΠX2 ,ΠX1 , and φ be as in Section 3.
Definition 6.1. 1. We say that φ satisfies the property (O’) if the fol-
lowing condition is satisfied:
(O’): Let X ′1 → X
′
1 be a finite dominant morphism from a smooth
curve over K ′. Let f ′1 : Y → X
′
1 be a morphism which makes the
following diagram commuting:
X ′1

Y
f ′1
>>⑥⑥⑥⑥⑥⑥⑥⑥
f1
// X1.
(24)
Write φ′1 : ΠY → ΠX′1 for the outer open homomorphism induced by
f ′1. Suppose that the following diagram commutes:
ΠY
&&
φ
❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁ φ′1
++❱❱❱❱
❱❱❱
❱❱❱
❱❱❱❱
❱❱❱
❱❱❱❱
❱❱❱❱
❱❱
ΠX2 ×ΠX1 ΠX′1
//

ΠX′1

ΠX2
// ΠX1 .
(25)
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Then the image of the induced homomorphism ΠY ′ → ΠX2 ×ΠX1 ΠX′1
is open.
2. We say that φ satisfies the property (S’) if the following condition is
satisfied:
(S’): There exist a finite dominant morphism X ′ → X from a smooth
curve over K and an outer open group homomorphism φ′1 : ΠY → ΠX′1
over GK such that the following conditions are satisfied:
• The diagrams in 1 commutes.
• The image of the induced homomorphism ΠY → ΠX2 ×ΠX1 ΠX′1
defines a section of the homomorphism ΠX2 ×ΠX1 ΠX′1 → ΠX′1 .
Proposition 6.2. (cf. Theorem 3.5)
1. (O) ⇒ (O’) (cf. Definition 3.4.1).
2. (S) ⇐ (S’) (cf. Definition 3.4.2).
3. Suppose that the Grothendieck Section Conjecture holds for any field
which is finite extension field of K with transcendental degree 1. Then,
φ satisfies one of property (O’) or (S). Therefore, (O) ⇔ (O’) and (S)
⇔ (S’).
Proof. The assertion 1 and 2 follow from the definitions of the properties.
Suppose that the Grothendieck Section Conjecture holds for any field which
is finite extension field of K with transcendental degree 1. By Theorem 5.5,
φ arises from a nonconstant morphism f : Y → X over K. If f is dominant,
φ satisfies property (O) by Theorem 3.5. Suppose that f is not dominant.
Write NY/X for the normalization of the scheme theoretic closure of the
image of f in the function field of Y . Then the morphism Y → NY/X induced
by f is dominant. Therefore, we can see that φ satisfies property (S’) by
considering the case whereX ′1 is the image of this morphism Y → NY/X .
7 Appendix : Examples of the Fundamental Groups
of Hyperbolic Polycurves
In this section, we give several interesting examples of hyperbolic polycurves
which show that the anabelianity of hyperbolic polycurves is weaker than
that of hyperbolic curves in some sense.
Notation-Definition 7.1. 1. Let G be a profinite group. We write Gp
for the maximal pro-p quotient of G (i.e., the inverse limit of the system
consisting of finite quotient groups of G which have p-power degrees).
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2. Let K be a field of characteristic 0 and K an algebraic closure of K.
For any variety X over K, we write ΠX (resp.∆X ; ∆
p
X ; Π
(p)
X ) for
the e´tale fundamental group of X (resp. the e´tale fundamental group of
X×SpecKSpecK ; the maximal pro-p quotient of ∆X ; ΠX/Ker(∆X →
∆pX)) in this section.
First, we prove an elementary lemma.
Lemma 7.2. Let
1→ N → G→ H → 1
be an exact sequence of profinite groups.
1. We have an exact sequence
(N/[N,Ker(G→ Gp)])p → Gp → Hp → 1.
Here, [−,−] means the closure of the commutator subgroup.
2. Suppose that we have a section s : H → G of the homomorphism
G → H and write NKer(H→Hp) for the maximal quotient group of N
on which Ker(H → Hp) acts trivially. Then we have an exact sequence
(NKer(H→Hp))
p → Gp → Hp → 1.
Proof. 1. Since the image of [N,Ker(G→ Gp)] in Gp is trivial, we obtain
an exact sequence
N/[N,Ker(G→ Gp)]→ Gp → Hp → 1
and hence also an exact sequence
(N/[N,Ker(G→ Gp)])p → Gp → Hp → 1.
2. Since we have s(Ker(H → Hp)) ⊂ Ker(G→ Gp), the assertion follows
from 1.
We show a lemma for Example 7.4.
Lemma 7.3. Let p 6= 2 be a prime number. Let H be a hyperelliptic
curve over a field K of characteristic 0, ι a hyperelliptic involution of H.
Suppose that there exist K-rational points h, h′ of H which are fixed by
the action of ι. By considering a geometric point over the fixed point h, we
obtain actions of ι on ∆H\{h′} and ∆H . Then we have (∆H)
p
〈ι〉 = {1} and
(∆H\{h′})
p
〈ι〉 = {1}.
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Proof. Since the profinite groups ∆H\{h′} and ∆H are topologically finitely
generated, it suffices to show that (∆H)
p,ab
〈ι〉 = {1} and (∆H\{h′})
p,ab
〈ι〉 = {1}.
By [Ho3] Lemma 1.11, the action of ι on the abelian group (∆p,abH\{h′})
∼=
(∆p,abH ) is same as the multiplication by −1. Therefore,
(∆p,abH )〈ι〉 = ∆
p,ab
H /2∆
p,ab
H = {1}.
Example 7.4. We will construct a proper hyperbolic polycurve Z over a
field K which is a finite extension of Qp, such that the map
IsomK(Z,Z)→ IsomGK (Π
(p)
Z ,Π
(p)
Z )/Inn∆
p
Z
is not injective. Here, IsomK(Z,Z) is the set of automorphisms of Z over K,
and IsomGK (Π
(p)
Z ,Π
(p)
Z ) is the set of automorphisms of Π
(p)
Z over GK . This
shows that it is impossible to detect an automorphism of hyperbolic poly-
curve from the corresponding GK -outer automorphism of its pro-p funda-
mental group. In particular, the isomorphism version of the p-adic Grothendieck
Conjecture, which is true for hyperbolic curves ([Moch1]) or hyperbolic poly-
curves with suitable conditions up to dimension 4 ([Saw]), cannot be true
for general hyperbolic polycurves.
Suppose that p 6= 2. Let X1 be a proper hyperbolic curve over K, and
assume that there exists a homomorphism ΠX1 → Z/2Z which induces a sur-
jection ∆X1 → Z/2Z. We write X
′
1 → X1 for the e´tale covering space of X1
corresponding to Ker (ΠX1 → Z/2Z) and ι1 for a generator of Aut(X
′
1/X1).
Let X2 be a hyperbolic curve over K whose automorphism group over K
has a subgroup isomorphic to Z/2Z = 〈ι2〉 such that X2 has a fixed point
x2 under the action of Z/2Z(= 〈ι2〉). Moreover, assume that the maxi-
mal quotient group (∆X2)
p
Z/2Z
of (∆X2)
p on which Z/2Z acts trivially via a
geometric point over the fixed point is trivial (cf. Lemma 7.3).
Consider the action of Z/2Z on X2 ×SpecK X
′
1 induced by (ι2, ι1), and
write Z for the quotient scheme of X2 ×SpecK X
′
1 by this Z/2Z-action. By
construction, we have a Cartesian diagram
X2 ×SpecK X
′
1
//

X ′1

Z // X1.
Since the morphism X ′1 → X1 is finite etale, Z → X1 is a hyperbolic curve
whose geometric generic fiber coincides with that of X2 ×SpecK X
′
1 → X
′
1.
Hence, we obtain an exact sequence of profinite groups
1→ ∆X2 → ΠZ → ΠX1 → 1 (26)
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and
1→ ∆X2 → ∆Z → ∆X1 → 1 (27)
by Proposition 1.7. Since the section X ′1 → X2×SpecKX
′
1 → X
′
1 determined
by the point x2 is compatible with the actions of Z/2Z, we have a section
X1 → Z → X1 by taking the quotient schemes by Z/2Z. Therefore, the
exact sequence (26) has a section which also determines a section of the
exact sequence (27). We calculate the action
ΠX1 → Aut(∆X2) (28)
induced by the section. Write ψ for the composite homomorphisms
ΠX1 → ΠX1/ΠX′1
= 〈ι1〉 ∼= Z/2Z
∼= 〈ι2〉 ⊂ {f ∈ Aut(X2/SpecK); f(x2) = x2} → Aut(∆X2).
(29)
Write φ for the action
ΠX1 → Aut(∆X2)
defined by the exact sequence
1→ ∆X2 → ΠX2×SpecKX1 → ΠX1 → 1
with the section determined by x2. By the construction of Z, the action
(28) coincides with φ+ψ. Note that the restriction of this action to ∆X1 is
same as that of ψ.
Since the image of the composite homomorphism
Ker(∆X1 → ∆
p
X1
) ⊂ ∆X1 ⊂ ΠX1
φ+ψ
→ Aut(∆X2)
is 〈ι2〉 by the assumption 2 6= p, the group Ker (∆
p
Z → ∆
p
X1
) is a quotient
group of (∆X2)
p
〈ι2〉
by Lemma 7.2. Thus, we have
∆pZ
∼= ∆
p
X1
by the assumption that (∆X2)
p
〈ι2〉
is trivial. Hence, we have
Π
(p)
Z
∼= Π
(p)
X1
.
It suffices to show that the scheme Z has a nontrivial automorphism over
K which induces the trivial outer action on ∆pZ . The scheme X2×SpecK X
′
1
have the automorphism (η, idX′1) which is commutative with the diagonal
action of Z/2Z. Hence Z/2Z acts on Z nontrivially. Since this action is a
morphism over X1, the induced outer action on ∆
p
Z
∼= ∆
p
X1
is trivial.
Even if we change X2 to another hyperbolic curve satisfying the above
condition for X2, the geometrically pro-p e´tale fundamental group (Π
(p) =
27
Π/Ker(∆→ ∆p)) of the resulting polycurve is isomorphic to Π
(p)
Z over GK ,
since we have the isomorphism Π
(p)
Z
∼= Π
(p)
X1
. Therefore this example gives a
counterexample to the p-adic Grothendieck Conjecture for hyperbolic poly-
curve. Since we have the isomorphism ∆pZ
∼= ∆
p
X1
, we cannot even determine
the dimension of a hyperbolic polycurve X over Kalg from its pro-p e´tale
fundamental group ∆pX .
Example 7.5. We give another example of non-isomorphic hyperbolic poly-
curves over a mixed characteristic local field K with residual field of charac-
teristic p and of order q, whose geometrically pro-p e´tale fundamental groups
are isomorphic over GK . This gives another counterexample to the p-adic
Grothendieck Conjecture for hyperbolic polycurve.
Let l be a prime number such that l|q − 1. Let X2 be the hyperbolic
curve P1K \ ({∞} ∪ µl) over K. Fix a primitive l-th root of unity ζ ∈ µl.
Let ι : P1K → P
1
K be the automorphism z 7→ zζ. The morphism ι induces
the Z/lZ-action on X2 over K which fixes 0 ∈ X2. Let X1 be a hyperbolic
curve over K, and assume that there exist a homomorphism ΠX1 → Z/lZ
which induces a surjection ∆X1 → Z/lZ. We can obtain a scheme Z via
the construction same as Example 7.4 by replacing Z/2Z by Z/lZ. Then
the fixed point 0 ∈ X2 defines the section X1 → Z, which determines the
sections ∆X1 → ∆Z and ΠX1 → ΠZ . Since p 6= l, we obtain an exact
sequence
(∆X2)
p
〈ι〉 → ∆
p
Z → ∆
p
X1
→ 1
by using the same argument as Example 7.4. The group (∆X2)
p,ab
〈ι〉 is gener-
ated by 1 element, which shows that the group (∆X2)
p
〈ι〉 is an abelian group.
Therefore the kernel of the homomorphism ∆pZ → ∆
p
X1
is a quotient group
of (∆X2)
ab
〈ι〉. Since we have (∆X2)
ab
〈ι〉 = (∆X2)
ab
∆X1
= (∆X2/[∆X2 ,∆X2 ])∆X1 =
∆X2/[∆X2 ,∆Z ], we obtain the commutative diagram with exact horizontal
lines
1 // ∆X2 //

∆Z //

∆X1 //

1
1 // (∆X2)
ab
〈ι〉
// ∆Z/[∆X2 ,∆Z ]
// ∆X1
// 1.
The second line of this diagram also splits, and thus we have the decompo-
sition
∆Z/[∆X2 ,∆Z ] = (∆X2)
ab
〈ι〉 ×∆X1 ,
hence the decomposition (∆Z/[∆X2 ,∆Z ])
p ∼= (∆X2)
p,ab
〈ι〉 ×∆
p
X1
. Since
(∆X2)
p
〈ι〉
∼= (∆X2)
p,ab
〈ι〉 ,
we have the isomorphism ∆pZ
∼= (∆Z/[∆X2 ,∆Z ])
p, and therefore we obtain
the decomposition ∆pZ = (∆X2)
p,ab
〈ι〉 × ∆
p
X1
. Note that the action of ΠX1
28
on ∆abX2
∼= Ẑ(1) ⊗Z ( ⊕
z∈µl
Zez) is the sum of the cyclotomic action and the
permutation of the basis. This shows that Π
(p)
Z (= ΠZ/Ker(∆Z → ∆
p
Z)) is
isomorphic to Zp(1)⋊Π
(p)
X1
, which is defined by the action
Π
(p)
X1
(= ΠX1/Ker(∆X1 → ∆
p
X1
))→ GK → Aut(Zp(1)).
Therefore, Π
(p)
Z does not depend on l. Moreover, if we consider the e´tale
covering space of Z corresponding to pnZp(1) ⋊ Π
(p)
X1
⊂ Zp(1) ⋊ Π
(p)
X1
, its
geometrically pro-p e´tale fundamental group is isomorphic to Zp(1) ⋊ Π
(p)
X1
over GK . However, the Euler characteristic of the e´tale covering is larger
than that of Z and therefore it is not isomorphic to Z.
There are several properties of ∆pZ which show that hyperbolic poly-
curves hardly become anabelian p-adically: The group ∆pZ is not center-free
and decomposable (i.e., there exist non-trivial profinite groups ∆,∆′ such
that ∆pZ
∼= ∆ ×∆′). Moreover, the order of the group Aut(Π
(p)
Z )/Inn(∆
p
Z)
is infinite because it contains Z×p .
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